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AUSLANDER-REITEN THEORY OF SMALL HALF QUANTUM GROUPS
JULIAN K ¨ULSHAMMER
Abstract. For the small half quantum groups uζ(b) and uζ(n) we show that the components of the
stable Auslander-Reiten quiver containing gradable modules are of the form Z[A∞].
Introduction
For a selfinjective algebra the shape of the components of the stable Auslander-Reiten quiver
is an invariant of its Morita equivalence class. In 1995 Erdmann showed (in analogy to a result
by Ringel for hereditary algebras) that all components of the stable Auslander-Reiten quiver be-
longing to a wild block have the same tree class A∞. She also gave an analogue of this result for
wild local restricted enveloping algebras.
In 1990 Lusztig defined a quantum analogue of the restricted enveloping algebra, called the
small quantum group. Its Borel and nilpotent parts were shown to have wild representation type
by Feldvoss and Witherspoon for g , sl2 in [FW09, FW11] (a generalization of a result by Cibils
[Cib97]). In this paper we give an analogue of Erdmann’s Theorem and prove:
Main Theorem 1. Let g , sl2. Let C be a component of the stable Auslander-Reiten quiver of
uζ(b) or uζ(n) containing the restriction of a uζ(b)U0ζ (g)-module. Then C has tree class A∞.
The main ingredients in the proof are results of Scherotzke on the Auslander-Reiten quiver of
a skew group algebra and an analogue of Dade’s Lemma for small quantum groups provided by
Drupieski.
Our paper is organized as follows: In Section 1 we recall the basic definitions and fix our
notation. Section 2 states Kerner and Zacharia’s analogue of Webb’s Theorem that restricts the
tree classes of non-periodic components to Euclidean and infinite Dynkin diagrams and describes
the periodic components in more detail. Section 3 is concerned with the graded module category
and also provides an analogue of Webb’s Theorem in this case. Section 4 and 5 then exclude the
Euclidean tree classes and the other infinite Dynkin tree classes, respectively.
1. Preliminaries
Let k be an algebraically closed field of characteristic p ≥ 0. All vector spaces will be assumed
to be finite dimensional unless stated otherwise. For a general introduction to Auslander-Reiten
theory we refer the reader to [ARS95] or [ASS06]. We denote the syzygy functor by Ω, the
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Auslander-Reiten translation by τ. For a Frobenius algebra we denote its Nakayama automorh-
pism by ν.
Let g be a finite dimensional simple complex Lie algebra. Denote the corresponding set of
roots by Φ, a chosen set of simple roots by Π, the corresponding set of positive roots by Φ+, the
Coxeter number by h. Let ℓ > 1 be an odd integer not divisible by three if the corresponding
root system is of type G2. Let Uζ(g) be the Lusztig form of the quantized enveloping algebra.
The finite dimensional subalgebra uζ(g) := 〈Eα, Fα, Fα, K±1α |α ∈ Π〉 is called the small quan-
tum group (for a general introduction, see e.g. [Dru09]). It has a triangular decomposition
uζ(g)  uζ(n) ⊗ u0ζ (g) ⊗ uζ(n+) and we denote its Borel part by uζ(b) := uζ(n)u0ζ (g). The nilpotent
and the Borel part are linked via a skew algebra construction uζ(b) = uζ(n) ∗ (Z/(ℓ))n, where
n = |Π|. The zero part of the triangular decomposition of Uζ(g) will be denoted U0ζ (g).
In [FW09, FW11] Feldvoss and Witherspoon have shown that for g , sl2 the connected alge-
bras uζ(b) and uζ(n) are wild.
For our considerations the following analogue of Dade’s Lemma provided by Drupieski is also
essential:
Proposition 1.1. The restriction of a uζ(b)U0ζ (g)-module M to uζ(b) is projective iff it is projective
when restricted to every Nakayama subalgebra uζ( fα) := 〈Fα〉, where α ∈ Φ+.
2. Webb’s Theorem and Periodic components
In this section we apply a theorem by Kerner and Zacharia to restrict the possible shapes of
components to those arising from Euclidean or infinite Dynkin diagrams in the following fash-
ion: For such a diagram ∆ fix an orientation (for ˜An a non-oriented cycle). Then the diagram
Z[∆] has vertices (i, j), where i ∈ Z and j ∈ ∆ and arrows (i, j) → (i, j′) and (i− 1, j′) → (i, j) for
each arrow j → j′ in ∆ and all i ∈ Z.
That all components have a particular shape mainly follows from the fact that Uζ(Br) is an
(fg)-Hopf algebra in the following sense:
A finite dimensional Hopf algebra A is called (fg)-Hopf algebra if the even cohomology ring
Hev(A, k) is finitely generated and each Ext•(M, N) is finitely generated as a module for the even
cohomology ring (via cup product).
For general theory on (fg)-Hopf algebras we refer the reader to [FW09], [Ku¨l12] and also to
the group algebra case [Ben91]. Their definition is designed to formulate a theory of support
varieteies that has essential features arising in the context of finite groups. To every module M
one can associate a variety, the variety associated to the ideal kerΦM, where ΦM : Hev(A, k) →
Ext•(M, M) is the map induced by tensoring with M. This so called support variety VA(M)
detects certain properties of the module M.
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Theorem 2.1. The non-periodic components C (i.e. there does not exist M ∈ C, m ∈ N such that
τmM  M) for uζ(b) are of the form Z[∆], where ∆ is a Euclidean or infinite Dynkin diagram.
Proof. The result follows from the fact that uζ(b) satisfies (fg) (see e.g. [Dru10, Theorem 6.2.6]).
This in particular implies that the complexity of each module is finite. Hence the result follows
from [KZ11, Main Theorem]. 
For the algebras uζ(n) this also holds since projective modules stay projective under restriction.
Theorem 2.2. The non-periodic components for the algebra uζ(n) are of the form Z[∆], where ∆
is a Euclidean or infinite Dynkin diagram.
Proof. The results follows from the fact that the restriction of a projective uζ(b)-module is pro-
jective for uζ(n) by [Dru11, Remark 3.4]: For M ∈ mod uζ(n) take a minimal uζ(b)-projective
resolution P∗ of the induced module uζ(b) ⊗uζ (n) M. The rate of growth of this projective res-
olution is finite as uζ(b) is a finite dimensional Hopf algebra satisfying (fg). If we restrict this
resolution to uζ(n) we will get a projective resolution of M which has finite rate of growth as M
is a direct summand of the restriction of uζ(b)⊗uζ (n) M by [RR85, Proposition 1.8]. Therefore the
complexity of M is finite. So the result again follows from [KZ11, Main Theorem]. 
We proceed by narrowing down the possibilities of periodic components that by a classical
result of Happel, Preiser and Ringel are always finite, or infinite tubes (i.e. of the form Z[A∞]/τm
for some m ∈ N). The case of finite components does not occur in our context since finite
components correspond to representation-finite blocks by a classical theorem of Auslander, these
do not appear as shown in [FW09, FW11].
Proposition 2.3. For char k = 0 let ℓ be good for Φ (i.e. ℓ ≥ 3 for type Bn, Cn and Dn, ℓ ≥ 5
for type E6, E7 and G2 and ℓ ≥ 7 for E8) and ℓ > 3 for types B and C and ℓ ∤ n + 1 for type
An and ℓ , 9 for E6. For char k = p > 0 let p be good for Φ and ℓ ≥ h. Then the Ω-period
of every periodic module for uζ(b) divides 2 while the τ-period divides ℓ. Furthermore every
uζ(n)-module of complexity 1 is Ωuζ (n)- and τuζ (n)-periodic and the Ωuζ (n)-period of a module M
divides 2 while the τ-period is 1.
Proof. By [Ku¨l12, Proposition 1.1 (iii)] that the Ωuζ (b)-period of a module is two follows from
the fact that the even cohomology ring is generated in degree two by [Dru11, Theorem 5.1.3].
By a similar reasoning as in [Ku¨l12, Section 5] one can show that uζ(b) is a γ-Frobenius extension
of uζ( fβ) := 〈Fβ〉 for some automorphism γ. As the latter is a Frobenius algebra it follows from
[BF93, Proposition 1.3] that also uζ(b) is a Frobenius algebra. From this construction we get the
Frobenius homomorphism induced by Fℓ−1Kℓ−1 7→ 1. Now the commutation relations from [?,
Proposition 1.7] in the graded algebra yield a Nakayama automorphism with Kα 7→ ζ−
∑
β∈Φ+ (α,β)Kα
and Fβ 7→ ζ
∑
α′∈Π(α′,β)Fβ. As ζ is an ℓ-th root of unity its order divides ℓ. As for Frobenius algebras
we have τ  Ω2 ◦ ν it follows that the τuζ (b)-period divides ℓ.
By [Sch09, Lemma 5.13] for the skew group algebra situation under observation we have that
every uζ(n)-module of complexity 1 is periodic iff every uζ(b)-module of complexity 1 is peri-
odic. This is true because uζ(b) is an (fg)-Hopf algebra.
For the Ω and τ-period of a uζ(n)-module we use a similar reasoning as for uζ(b). But as uζ(n)
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is not a Hopf algebra we have to use Hochschild cohomology instead of ordinary cohomol-
ogy. We apply [EHT+04, Proposition 5.4] to the subalgebra HH0(uζ(n)) · Hev(uζ(n), k)Z/(ℓ)n of
the Hochschild cohomolgy HH•(uζ(n) (compare [FW11, Section 5]). As Hev(uζ(n), k)Z/(ℓ)n 
Hev(uζ(b), k) as algebras, the finite generation in degree two follows. The arguments of [FW11,
Section 5] carry through in our slightly more general setting to show the appropriate (Fg)-
conditions for Hochschild cohomology. Thus the result follows. 
Remark 2.4. The bounds are sharp, e.g. for g = sl2 the Ω-period is two while the τ-periods are
ℓ and 1 for the Borel and nilpotent part, respectively.
3. GradedModules
We proceed by studying the Zn-graded modules for the small half quantum groups.
Lemma 3.1. Let L ∈ {g, b, n}.
(i) The category of finite dimensional modules over uζ(L)U0ζ (g) is a sum of blocks for the
category mod uζ(L)#U0ζ (g).
(ii) The category of finite dimensional uζ(L)U0ζ (g)-modules has almost split sequences.
(iii) The canonical restriction functor mod uζ(L)U0ζ (g) → mod uζ(L) sends indecomposables to
indecomposables and almost split sequences to almost split sequences.
(iv) The restriction functor induces a homomorphism F : Γs(uζ(L)U0ζ (g)) → Γs(uζ(L)) of stable
translation quivers and components are mapped to components via this functor.
Proof. The result follows as in [Ku¨l12, Section 5] 
An analogue of Webb’s Theorem also holds for the category of graded modules for small quan-
tum groups and their half analogues by constructing a subadditive function on the components.
Our reasoning is similar to [Far05] for restricted enveloping algebras.
Theorem 3.2. The tree classes of the components of the stable Auslander-Reiten quiver of
uζ(L)U0ζ (g), where L ∈ {g, b, n}, are Euclidean diagrams or infinite Dynkin diagrams.
Proof. By [Dru11, Theorem 4.3] and the foregoing lemma there exists α ∈ Φ+ such that the
restriction F (M)|uζ ( fα) for [M] ∈ Θ is not injective. Consider the induced module Mα :=
uζ(L) ⊗uζ ( fα) k. The function dα : Θ → N, [M] 7→ dim Ext1uζ (L)(Mα,F (M)) is a subadditive
τuζ (L)U0ζ (g)-invariant function for each component of the Auslander-Reiten quiver of uζ(L)U0ζ (g):
By the arguments of [Ku¨l12, Section 5] we have that uζ(L) : uζ( fα) is a γ-Frobenius extension
for some automorphism γ. Therefore we can use Frobenius reciprocity ([NT60, Lemma 7]) to
conclude that:
dα([M]) = dim Ext1uζ (L)(Mα,F (M)) = dim Ext1uζ ( fα)(k,F (M)|uζ ( fα)) , 0.
Therefore the function is well-defined.
Moreover, we have that F (τuζ (L)U0ζ (g)(M))  τuζ (L)(F (M))  Ω2uζ (L)(F (M)(ν)) by the foregoing
lemma, M(ν)α  Mα since ν|uζ ( fα) = id (ν ⊗ id provides an isomorphism) and Ω2uζ (L)(Mα)  Mα ⊕ P
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for a projective module P by inducing a projective uζ( fα)-resolution of k to uζ(L). Therefore we
obtain:
dα([τuζ (L)U0ζ (g)(M)]) = dim Ext
1
uζ (L)(Mα,F (τuζ (L)U0ζ (g)(M)))
= dim Ext1uζ (L)(Ω2uζ (L)(Mα),Ω2uζ (L)(F (M)(ν)))
= dim Ext1uζ (L)(Mα,F (M)(ν))
= dim Ext1uζ (L)(M(ν)α ,F (M)(ν)) = dα([M]),
i.e. dα is τ-invariant. It follows from [ES92, Lemma 3.2] that dα is a subadditive function on the
components of the stable Auslander-Reiten quiver of uζ(L)U0ζ (g). Hence the result follows from
[HPR80, Theorem, p.286]. The case of finite components does not occur as they restrict to finite
components on uζ(L) which are not possible since by [Ku¨l11] there are no representation-finite
blocks for uζ(L). 
Remark 3.3. This provides a different way to prove the result for components of uζ(L) consist-
ing of gradable modules: The function which is obtained by removing the forgetful functor F in
the foregoing proposition provides a subadditive τuζ (L)-invariant function for every component of
the stable Auslander-Reiten quiver of uζ(L) containing gradable modules. The foregoing proof
applies verbatim (replacing uζ(L)U0ζ (g) with uζ(L) and removing F everywhere). Thus this pro-
vides us with a subadditive τ-invariant function on Θ, a component of uζ(L)U0ζ (g), that stays
subadditive τ-invariant upon restriction. This way one can get information on Θ or F (Θ) by
observing the other.
4. Euclidean components
In this section we exclude components of the form Z[∆], where ∆ is a Euclidean diagram.
Our approach relies on results by Scherotzke [Sch09] who corrected and generalized results
of Farnsteiner for restricted enveloping algebras [Far99]. To apply it we need the following
statement:
Proposition 4.1. For char k = 0 let ℓ be good for Φ and ℓ > 3 for types B and C and ℓ ∤ n + 1
for type An and ℓ , 9 for E6. For char k = p > 0 let p be good for Φ and ℓ ≥ h. If b , bsl2 there
is a non-periodic module of length 3 for uζ(b).
Proof. Let S be a set of representatives for the isoclasses of the simple uζ(b)-modules. As uζ(b)
is not a Nakayama algebra, it follows from [Hup81, Theorem 9] that there is a simple module S ,
such that ∑
[T ]∈S
dim Ext1uζ (b)(T, S ) ≥ 2
Let P be the injective hull of S . By the definition of Ext1 and soc2 we immediately obtain
2 ≤
∑
[T ]∈Suζ (b)
dim Homuζ (b)(T, soc2(P)/ soc(P)),
so that l(soc2(P)/ soc P) ≥ 2 and l(soc2(P)) ≥ 3.
Denote by π : P → P/ soc(P) the natural projection. Then π induces a surjection soc2(P) ։
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soc(P/ soc(P)) and π(rad uζ(b) soc2(P)) = 0. Thus rad uζ(b) soc2(P) = soc(P). Now let X ⊂
soc2(P) be a submodule of length 3. Then soc X = soc P and rad uζ(b)X ⊆ rad uζ(b) soc2(P) =
soc(X), so that rad uζ(b)X = soc X. Thus top X = X/ soc X has length 2. Suppose that X was
periodic. Then by Proposition 2.3 Ω2
uζ (b)X  X. As P is the injective hull of soc X there exists a
projective module Q and an exact sequence
0 → X → P → Q → X → 0
Therefore dim P = dim Q, so that Q is indecomposable as all projective indecomposable modules
have the same dimension by [Dru09, p. 85]. But as uζ(b) is selfinjective this would mean that
top X is irreducible, therefore has length 1, a contradiction. 
Theorem 4.2. For the stable Auslander-Reiten quivers of uζ(b) and uζ(n) if a component is iso-
morphic to Z[∆] with ∆ Euclidean, then ∆ is ˜Dn, where n > 5. If we further impose that ℓ > h
then also these components cannot occur.
Proof. We have that (Z/ℓ)n acts transitively on the simple uζ(b)-modules and all modules of
complexity 1 are Ω and τ-periodic as uζ(b) is an (fg)-Hopf algebra and by 2.3. By a result of
Scherotzke [Sch09, Theorem 3.3, Theorem 3.7] in this situation the components of Euclidean
tree class of uζ(b) and uζ(n) can only be of the form Z[ ˜A12] or Z[ ˜Dn], where n > 5. In the case of
Z[ ˜A12] the projective module would have dimension 4 by a result of Erdmann [Erd90, Theorem
IV.3.8.3] which is not possible as the dimension of each projective module is divisible by ℓ. But
since by the foregoing proposition there is a non-periodic module of length [Sch09, Theorem
3.11] tells us that the remainding case of tree class ˜Dn can not occur because in this case the
projective module would have dimension 8.
For uζ(n) note that uζ(b) is a skew group algebra of uζ(n). Therefore as uζ(b) has no components
of tree class ˜Dn or ˜A12, also uζ(n) has no components of tree class ˜Dn or ˜A12 by [Sch09, Theorem
5.15].
It remains to consider the case of a componentΘ of type Z[ ˜An]. For uζ(b) let G = (Z/ℓ)n for uζ(n)
let G = {e}. Let U = uζ(b), respectively U = uζ(n). Such a component is attached to a principal
indecomposable module (see e.g. [KZ11]). For λ ∈ G let kλ be the simple module corresponding
to λ. Since ΩΘ  Θ there exists λ ∈ G, such that the automorphism ϕ : Γs(U) → Γs(U), [M] 7→
[Ω(M ⊗ kλ)] satisfies ϕ(Θ) = Θ. Note that (ϕ|Θ)2ℓ = Ω2ℓ = τℓ. In [Far99, Lemma 2.2] Farnsteiner
has computed the automorphism group of Z[ ˜An], it is {τq ◦ αr|q ∈ Z, 0 ≤ r ≤ n − 1}, where
α is defined via α(s, [i]) = (s, [i + 1]) with the vertex set of Z[ ˜An] identified with Z × Z/(n).
In this notation we write ϕ|Θ = τ j ◦ αr and obtain τℓ = τ2ℓ j ◦ α2ℓr, whence τℓ(2 j−1) = α−2ℓr, a
contradiction. 
5. Infinite Dynkin Tree class
In the last section we have seen that Euclidean tree classes do not occur for components of
the stable Auslander-Reiten quiver containing uζ(b)U0ζ (g)-modules. In this section we want to
exclude two of the remaining possible tree classes so that only one possible tree class remains.
Our proof follows the strategy of Erdmann for local restricted enveloping algebras in [Erd96].
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Proposition 5.1. Let char k be odd or zero and good for Φ. Let L ∈ {b, n}. Assume ℓ ≥ h and
g , sl2. If M is a projective module or a periodic uζ(L)-module, which is also a uζ(n)U0ζ (g)-
module, then dim M ≡ 0 mod ℓ.
Proof. If M is projective, it stays projective when restricting to uζ( fα) by [Dru10, Theorem
4.3]. Hence its dimension is divisible by ℓ. If M is periodic, then by [Ku¨l12, Proposition 1.1],
Vuζ (b)(M) is a line. Note that by a generalization of the Theorem of Ginzburg and Kumar we
have that the support variety of a uζ(b)-module identifies with a conical subvariety of n (for our
restrictions on the parameter see [Dru11, Theorem 5.2]). Thus there exists α ∈ Φ+, such that
fα < Vuζ (b)(M). Hence by [Dru10, Corollary 5.13] we have that M|uζ ( fα) is projective, hence
dim M ≡ 0 mod ℓ. 
Theorem 5.2. Let char k be odd or zero and good for Φ. Assume ℓ ≥ h. The category of uζ(n)-
modules, that are also uζ(n)U0ζ (g)-modules does not contain any components of type Z[A∞∞] or
Z[D∞].
Proof. By [Far00, Lemma 2.5], which is valid in the context of selfinjective algebras, if we have
a component Θ of type A∞∞ or D∞, then there exists an irreducible map ψ corresponding to an
arrow in Θ, such that ψ and Ω−1ψ are surjective or ψ and Ωψ are injective.
Without loss of generality consider the case that they are surjective otherwise dual arguments
yield the result. Hence there is a non-split sequence which is not almost split 0 → M → E
ψ
→
N → 0. Let α be such that M|uζ ( fα) is not projective (This is possible by [Dru10, Theorem 4.3]).
Let M|uζ ( fα)  M
n1
1 ⊕ · · · ⊕ M
nℓ
ℓ
where Mi is the indecomposable uζ( fα)-module of dimension i
and ni ≥ 0. Then
∑ℓ−1
i=1 ni , 0 as M is not projective. Let V := (uζ(n) ⊗uζ ( fα) M1)∗, then V is
Ω-periodic: Induction of a projective resolution of the Ω-periodic uζ( fα)-module M1 yields a
periodic projective resolution of the induced module V . Therefore V has complexity smaller or
equal to one and hence is a direct sum of a Ω-periodic (with period two by Proposition 2.3) and
a projective module.
Let W := V or W := Ω−1V . Then we have the following chain of isomorphisms since uζ(n) :
uζ( fα) is a γ-Frobenius extension:
Hom
uζ (n)(M,W)  Homuζ (n)(W∗, M∗)  Homuζ ( fα)(Mi, M∗)  Homuζ ( fα)(M, M∗i ),
where i = 1, ℓ − 1 depending on whether W = V,Ω−1V respectively. This space has dimension
≥
∑ℓ−1
i=1 ni by the theory of the algebra uζ( fα)  K[X]/Xℓ . Moreover soc W is simple since
Homuζ (n)(k,W)  Homuζ (n)(W∗, k∗)  Homuζ ( fα)(Mi, k)
which is one-dimensional. In particular V is an indecomposable periodic module.
We will show next that soc M is also simple. We do this by applying [Erd95, Proposition 1.5]
to the Ω-periodic module V . Hence we either have an embedding M → V or every map M →
Ω
−1(V) which does not factor through a projective module is a monomorphism. If there is a
monomorphism M → V then since soc V is simple, so is soc M. Otherwise take a non-zero
element of Hom
uζ (n)(M,Ω−1(V)); then a representative must be a monomorphism. Moreover
socΩ−1V is simple and so is soc M.
This will imply that for all j ∈ Z, the socle of Ω j(M) is simple. As Ω induces an automorphism
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of the stable Auslander-Reiten quiver we have an almost split sequence 0 → Ω jM → Ω jE⊕P →
Ω
jN → 0 where P is projective. If P = 0 then Ω jψ is an irreducible epimorphism and the socle
of Ω jM is simple by the above argument, replacing M with Ω jM. Otherwise the sequence is of
the form 0 → rad P → rad P/ soc(P) ⊕ P → P/ soc(P) → 0, in particular the map Ω jψ is an
irreducible monomorphism with cokernel isomorphic to socΩ jM  soc P, which is simple.
Concluding and taking into account that uζ(n) is local we have a minimal injective resolution of
the form 0 → M → uζ(n) → uζ(n) → . . . .
Hence the complexity of M is ≤ 1 and therefore M is periodic; in particular dim M ≡ 0 mod ℓ
by the foregoing proposition.
Now dim M + dimΩ−1M = dim uζ(n) by the minimal injective resolution. We may assume that
dim M ≥ 12 dim uζ(n), otherwise replace M by Ω−1M, which is possible since by the choice of ψ
we can do the same argument with Ω−1ψ. Now
dim V = 1
ℓ
dim uζ(n) < 12 dim uζ(n) ≤ dim M.
So there is no monomorphism M → V . Therefore every homomorphism M → Ω−1V that
does not factor through a projective module is injective by [Erd95, Proposition 1.5]. By the
above argument we have that dim Hom
uζ (n)(M,Ω−1V) ≥
∑ℓ−1
i=1 ni. This must be at least 2; oth-
erwise we would have that M|uζ ( fα) has a unique non-projective summand and the dimension of
M would not be divisible by ℓ. Hence there are φ1, φ2 ∈ Homuζ (n)(M,Ω−1V) with [φ1], [φ2] ∈
Hom
uζ (n)(M,Ω−1V) linearly independent. By the above reasoning we have that φ1 and φ2 must be
monomorphisms.
We know that soc M is simple, hence there is some c ∈ k such that φ1 − cφ2 is not a monomor-
phism, and again by [Erd95, Proposition 1.5] we have that φ1 − cφ2 factors through a projective
module, a contradiction. 
As a corollary we also get the corresponding statement for the Borel part:
Theorem 5.3. The category of gradable uζ(b)-modules does not contain any components of type
Z[A∞∞] or Z[D∞].
Proof. In the following commutative diagram indecomposable modules are mapped to indecom-
posable modules and Auslander-Reiten sequences are mapped to Auslander-Reiten sequences by
the vertical arrows by Lemma 3.1. Therefore also by the horizontal arrow.
mod uζ(b)U0ζ (g)
F

mod uζ(n)U0ζ (g)
F

mod uζ(b) res // mod uζ(n)
Thus the existence of an Auslander-Reiten sequence with three indecomposable direct summands
would be preserved and therefore the non-existence of such sequences for uζ(n) implies the same
for uζ(b), i.e. there are no components of type Z[D∞]. Furthermore as for every component Θ
containing a gradable module there is an Auslander-Reiten sequence in Θ with indecomposable
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middle term for uζ(n) the same has to hold for uζ(b) and thus the case of components of type
Z[A∞∞] can be excluded. 
Remark 5.4. The same argument also works in the case of gradable modules for the restricted
enveloping algebra of a Borel subalgebra.
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